NONSEPARABLE UHF ALGEBRAS I: DIXMIER'S 

PROBLEM 



ILIJAS FARAH AND TAKESHI KATSURA 

Abstract. There are three natural ways to define UHF (uniformly hy- 
perfinite) C*-algebras, and all three definitions are equivalent for separa- 
ble algebras. In 1967 Dixmier asked whether the three definitions remain 
equivalent for not necessarily separable algebras. We give a complete 
answer to this question. More precisely, we show that in small cardi- 
nality two definitions remain equivalent, and give counterexamples in 
other cases. Our results do not use any additional set-theoretic axioms 
beyond the usual axioms, namely ZFC. 



1. Introduction 

Let ^ be a C*-algebra and let e be a positive number. For an element x 
of A and a subset J- of A, we write x if there exists y & J- such that 

||x — y|| < e. For two subsets T, Q of A, we write ^ if x ^ for all 

X G For each n G N, we denote by -/Vf„(C) the unital C*-algebra of all 
n X n matrices with complex entries. A C*-algebra which is isomorphic to 
M„(C) for some n G N is called a full matrix algebra. 

Definition 1.1. A C*-algebra A is said to be 

• uniformly hyperfinite (or UHF) if A is isomorphic to a tensor product 
of full matrix algebras. 

• approximately matricial (or AM) if it has a directed family of full 
matrix subalgebras with dense union. 

• locally matricial (or LM) if for any finite subset J- of A and any 
e > 0, there exists a full matrix subalgebra M of A with M, 

For a definition of tensor products, see Definition 12.161 The property 
LM was called matroid in [6l Definition 1.1]. A UHF algebra is unital 
by definition, and it is easy to see that UHF implies AM and that AM 
implies LM. In [11^ Theorem 1.13], Glimm shows that a unital separable 
LM algebra is UHF (see also [6l Remark 1.3 and Theorem 1.6]). Thus for 
separable C*-algebras, the three conditions UHF, unital AM and unital LM 
coincide. Dixmier asked whether these three conditions coincide for general 
C*-algebras in ^ Problem 8.1]. We show that this is not the case. To state 
our results precisely, we need the following notion. 
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Definition 1.2. The character density xi^) of a C*-algebra A is the smaU- 
est cardinahty of a dense subset of A. 

Hence A is separable if and only if its character density x(^) is the first 
infinite cardinal Hq. Note that x(^) is equal to the smallest cardinality of 
an infinite generating subset of A. 

The following are our main results which completely answer [61 Prob- 
lem 8.1]. Note that 'Ri is the smallest uncountable cardinal. 

Theorem 1.3. (1) For a C*-algebra with character density at most 'i^i, 
AM and LM are equivalent. 

(2) For every cardinal k > b^i, there exists a unital LM algebra with 
character density k which is not AM. 

(3) For every cardinal k > there exists a unital AM algebra with 
character density k which is not UHF. 

Proof. (1) Follows from Proposition 15.21 and Proposition [5^ 

(2) Follows from Proposition 16.101 and Proposition 16.121 

(3) Follows from Proposition 14.51 □ 

In (3), we can also control the representation density (defined in Defi- 
nition 17. ip of the example (Theorem I7.17p . In particular, we distinguish 
between AM algebras and UHF algebras faithfully represented on a separa- 
ble Hilbert space. 

Results similar to (1) and (2) hold for approximately finite-dimensional 
(AF) algebras. 

Definition 1.4. A C*-algebra A is said to be 

• approximately finite- dimensional (or AF) if it has a directed family 
of finite-dimensional subalgebras with dense union. 

• locally finite- dimensional (or LF) if for any finite subset of ^ and 
any e > 0, there exists a finite-dimensional subalgebra D of ^ with 
TC, D. 

It is easy to see that AF implies LF. In [31 Theorem 2.2] Bratteli proved 
that for a separable C*-algebra, AF and LF are equivalent. We get the 
following. 

Theorem 1.5. (1)' For a C*-algebra with character density at most Hi, 
AF and LF are equivalent. 
(2)' For every cardinal k > Hi, there exists an LF algebra with character 
density k which is not AF. 

Proof. (1)' Follows from Proposition 15.61 

(2)' Follows from Proposition 16.101 and Proposition 16.121 □ 

A C*-algebra is AM (resp. AF) if and only if it is obtained as a direct 
limit of full matrix algebras (resp. finite-dimensional algebras) over a general 
directed set (not necessarily a sequence). On the other hand, it is not hard 
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to see that a C*-algebra is LM (resp. LF) if and only if it is obtained as 
a direct limit of (separable) AM (resp. AF) algebras (Lemma 12. 13p . Hence 
the two theorems above imply the following. 

Corollary 1.6. The classes of AM algebras and AF algebras are not closed 
under taking direct limits. 

Some of the results of the present paper were announced in [11]. By 
extending our methods the first author constructed an AM algebra that has 
faithful irreducible representations both on a separable Hilbert space and on 
a nonseparable Hilbert space ([!]). In the sequel to this paper [10] we show 
that the classification problems for UHF and AM algebras are significantly 
different. 

Organization of the paper. In ^we set up the toolbox used in the paper. 
In ^ we use the Jiang-Su algebra to distinguish LM algebras from UHF 
algebras, u-complete directed systems are used in 21 to distinguish between 
AM and UHF algebras. The relation between AM and LM algebras as well 
as the one between AF and LF algebras are explained in ^and ^ In ^we 
introduce the representation density, and using it distinguish between AM 
algebras and UHF algebras faithfully represented on a given Hilbert space. 

2. Preliminary 

In the present section we fix the terminology and prove some standard 
facts from set theory, a-complete directed systems and tensor products (re- 
spectively). 

2.1. Set theory. By X UY we denote the disjoint union of sets X and Y. 
U f: X ^ Y and Z C X then we write f[Z] = {f{z) : z £ Z} instead of 
the notation f{Z) commonly accepted outside of set theory. Let us denote 
the cardinality of a set X by \X\. The countable infinite cardinal and the 
smallest uncountable cardinal are denoted by and Hi, respectively. The 
smallest uncountable ordinal is denoted by oji. 

Lemma 2.1. Let X be a set. For each x £ X, choose a countable subset 
Yx ^ X with X £ Yx. If \X\ > Hi then one can find two elements x,y G X 
such that X ^Yy and y ^Y^. 

Proof. Take Z C X with \Z\=^i. Choose x £ X\ [j^^^ Yz a.nd y e Z\Yx. 
Then x and y are as required. □ 

Remark 2.2. The conclusion may be false if |X| < Hi. To see this consider 
X = uji and Y^ = {y £ uji : y < x} (or x £ oJi. 

Definition 2.3. A directed set A is said to be a-complete if every countable 
directed Z C A has the supremum sup Z £ A. 

The ordered set uji is cr-complete. The following is another cj-complete 
directed set considered in this paper. 
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Definition 2.4. For an infinite set X, we denote by [X] the set of all 
countable infinite subsets of X, considered as a directed set with respect to 
the inclusion. 

Definition 2.5. Let A be a cr-complcte directed set. A subset Aq of A is 
said to be closed if for every countable directed Z C Aq we have supZ G Aq, 
and CO final if for every A G A there exists Aq G Aq such that A ^ Aq. 
A closed and cofinal subset is called a cluh. 

A club is an abbreviation of a closed and unbounded set. The condition 
''unbounded'' (meaning 'not having an upper bound') is equivalent to 'cofinal' 
for totally ordered sets such as wi, but is strictly weaker than 'cofinal' for 
general directed sets. A widely accepted custom among set theorists is 
calling closed and cofinal subsets of [X]^" closed and unbounded sets (or 
clubs). Reluctantly, we continue this unfortunate abuse of terminology in 
our paper. This can be justified by the fact that uji and [X]^" arc the only 
(T-complete directed sets that we will consider from the next section on. 

Lemma 2.6. Let k be a a-complete directed set. Let Aq and Aq be clubs of 
A and ^ : Aq — )• Aq be an order isomorphism. Then there exists a club Aqq 
of A such that Aqo C Aq H Aq and (j) \koo = id. 

Proof. Set Aqo := {A G Aq n Aq : (/)(A) = A}. It is easy to see that Aqo is 
closed. We will see that it is cofinal. Take A G A. Since Aq is cofinal, there 
exists Ai G Aq with A ^ Ai. Since Aq is cofinal, there exists A'^ G Aq with 
Ai -< A'j^ and ^(Ai) < A^ Recursively, we can find A„ G Aq and A^ G Aq for 
n = 1, 2, . . . such that 

Then 

Aoo := sup{A„},^^i = sup{A;},^=i G Aq n A[) 
satisfies 0(Aoo) = Aqo- Thus we have found Aqo G Aqo with A :< Aqo- D 

Lemma 2.7. Let X and Y be infinite sets. For a club C in [XIIY]^° , there 
exists a club Cq in [X]^'^ such that for every jiq G Cq there exists ji ^ C with 
^0 = A*n X. 

Proof. This is a well-known and very useful fact. We provide a proof for the 
reader's convenience. 

Let denote the set of all finite subsets of X. Since C is cofinal, 

we can find an increasing map /: [X]^^" C satisfying s C /(s) for all 
s G [X]<^» by induction on We define g: [X]^" ^ [XJlYf^ by ^(/io) := 

g^Ho) G C because / is increasing and C is closed. We set 
Co := {/xo G [Xf° : no = 5(m) n X}. 
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Then Cq is closed because for a countable directed Z C [X] we have 

It remains to show that Cq is cofinal in [X]^". Take Aq G arbitrarily. 
We define Ai, A2, . . . G [X]^° by An+i := g{\n) n X fern = 0, 1, . . .. Then 

{A„}J^g is an increasing sequence in [X]^" and jiQ := U^o ^" ™ ^0- 
Thus Co is cofinal. Therefore we get a club Co in [X]^" as required. □ 

We note that by a well-known result of Kuckcr for every club C in 
there exists h : — )• X such that every /j, G [X]^" closed under /i belongs 
to C. 

2.2. c7-complete directed families of subalgebras. By a subalgebra of a 
C*-algebra we mean a C*-subalgebra, and by a unital subalgebra of a unital 

C*-algcbra we mean a C*-subalgebra containing the unit of the original C*- 
algebra. By a directed family {^aIaga of subalgebras of a C*-algebra A, we 
mean that A is a directed set, and A ^ // if and only if Ax C A^. Thus by 
definition A 9 A i-> ^4;^ is injective. 

Definition 2.8. A directed family {^a}agA of subalgebras of a C*-algebra 

A is said to be a -complete if A is d-complete and for every countable directed 
Z C. A, ^supZ is the closure of the union of {^aIasz- 

In other words, a directed family {AaIagA is cr-complete if IJag^ 
the family for every countable directed Z C A. 

Lemma 2.9. Let A be a C*-algebra, and let {^aIagA be a a-complete di- 
rected family of subalgebras of A with dense union. Then for a club Aq C A, 
the restriction {Ax}xeAo o,^so a a-complete directed family with dense 
union. 

Proof. The restriction {^a}agAo is a-complete because Aq is closed, and its 
union is dense because Aq is cofinal. □ 

Lemma 2.10. Every C*-algebra A has a a-complete directed family of sep- 
arable subalgebras with dense union. 

Proof. We can take the family of all separable subalgebras of A ordered by 
the inclusion. □ 

Lemma 2.11. Let A be a C*-algebra, and let {^a}agA be a a-complete 
directed family of subalgebras of A with dense union. For every separable 
subalgebra Aq of A there exists A G A such that Aq C. Ax. 

Proof. Let {01,02, . . .} be a dense sequence of Aq. For each n G N, one 
can inductively find A„ G A such that Oj Gi/„ Ax„ for i = 1,2, ... ,n and 
-^n-i because the family {^a}agA is directed and its union is dense in 
A. Then A := sup{A„ : n G N} G A satisfies ^0 ^ ^a- □ 
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By the lemma above, we can see that the union of a cr-complete directed 
family is automatically closed. 

Proposition 2.12. Let A and B be C*-algebras, and {A\}x(z\ and {i?A'}A'eA' 
be a-complete directed families of separable subalgebras of A and B with 
dense union. Let A ^ B be an isomorphism. Then there exist clubs 
Aq C A and Aq C A' and an order isomorphism (p: Aq — >■ Aq such that 
^[Ax] = B^f^X) for <^^^ ^ ^ ^0- If ^ = ^' , then one can take Aq = Ag and 

4) = -id. 

Proof. Let Aq be the set of all A G A such that there exists A' G A' with 
^[Ax] = By. Similarly we define Aq C A' as the set of all A' G A' such that 
there is A G A with <I>^^[i?A/] = Ax. Then there exists an order isomorphism 
(/): Aq — )■ Aq such that '&[A;s^] = -B(^(a) for all A G Aq. We are going to show 
that Aq ^ A is a club. It is clear that Aq is closed. Take A G A. Since Ax is 
separable, there exists A'^ G A' such that $[Aa] C Bx'^ by Lemma |2.11[ By 
the same reason, there exists Ai G A such that $~^[i?A'J ^ ^Ai- Then we 
have Ax ^ Ax^ . In this way, we can find sequences 

Ax C Ax, ^Ax.^Ax,^--- 
Bx[ ^ Bx'^ C Bxi^ ^ • • • 

such that Bx'^ C ^[Ax„] and ^[AxJ C By^^^ for n = 1,2, . . .. Let Aq G A 
and Aq G A' be the supremums of {A^jJ^i and {A^}J^^. Then we have 
^Ao = Un=i and By^ = U^i^A- Siucc $[Aao] = ^A^, we get Aq G Aq. 
This shows that Aq is cofinal, and hence it is a club. Similarly Aq C A' is 
a club. This shows the former assertion. The latter assertion follows from 
Lemma 12. 6[ □ 

Lemma 2.13. A C*-algebra A is LF if and only if it has a a-complete 
directed family of separable AF algebras with dense union. 

Proof. We only need to prove the direct implication. We see that A has 
a cj-complete directed family of separable subalgebras {^aIasA with dense 
union by Lemma [2.101 Since by [3, Theorem 2.2] every separable LF algebra 
is AF, it suffices to show that the set Aq of all A G A such that Ax is LF is a 
club. Clearly Aq is closed. To show that Aq is cofinal, it suffices to see that 
for any separable subalgebra Aq of A, there exists a separable subalgebra 
A'q containing such that for any finite subset T of and any e > 0, 
there exists a finite-dimensional subalgebra M of A'q with T M. This is 
easy to see. □ 

In the same way, one can show that a C*-algebra A is LM if and only if 
it has a cr-complete directed family of separable AM subalgebras with dense 
union. 



Remark 2.14. Lemma 12.131 is just a special case of the downward Lowen- 
heim-Skolem theorem for logic of metric structures ([l], or [9] for a version 
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suitable for study of C*-algebras and IIi factors). Similar arguments have 
been used by C*-algebraists to reflect properties of nonseparable algebras to 
separable subalgebras (see [21 II. 8. 5]) such as for example simplicity or the 
existence of the unique trace. 

2.3. Tensor products. In this subsection, we give a definition and some 
properties of tensor products of C*-algebras. We try to avoid using results 
on nuclear C*-algebras as much as possible. In fact, we use the nuclear- 
ity only in Proposition 12.241 (and Lemma I2.22p which is used in the proof 
of Proposition 14.51 (3). We are interested in tensor products of possibly 
uncountably many unital C*-algebras, and for this purpose the maximal 
tensor products are easier to treat than the minimal ones. We remark that 
we mainly deal with nuclear C*-algebras for which there is no distinction 
between the minimal tensor products and the maximal ones. 

Definition 2.15. A family {Ax}x£X of subalgebras of a C*-algebra A is said 
to mutually commute if for distinct x,y G X, every element of commutes 
with every element of Ay. 

Definition 2.16. For a family {Ax}xex of unital C*-algebras, its (maximal) 
tensor product ^^^x C*-algebra having (an isomorphic copy of) 

Ax as unital subalgebras for x £ X satisfying the following two properties: 

(1) the family {Ax}x£X of subalgebras of ^x&x mutually commutes, 
and its union Uxex generates ^xgx 

(2) for a unital C*-algebra B and a family {^x}x£X of unital *-homomor- 
phisms ipx '■ Ax — )• B such that {(px [Ax]}xex is a mutually commuting 
family of unital subalgebras of B, there exists a unital *-homomor- 
phism ip: <S)x<^x ^ B such that if \Ax= for all x £ X. 

When Ax = A for all x £ X, we simply write ^ for (S)xex ^x- 

It is not difficult to see that the tensor product exists and is unique. A 
nice exposition of tensor products of C*-algebras can be found e.g., in [4j. 
The condition (2) is called the universal property of the tensor product. A 
nice exposition of universal C*-algebras can be found e.g., pj II. 8. 3]. 

Let A and B be unital C*-algebras. Since we consider A and B as unital 
subalgebras oi A%B, each a £ A and each b £ B are considered as elements 
of A(^ B. Thus the product ab £ A(Si B makes sense whereas this element 
is usually denoted hy a <^ b £ A B. Similarly, for a family {Ax}xex of 
unital C*-algebras and a finite family {ax}xeY of elements with Ox £ Ax for 
X G y C X, we denote by IlxgY "^^^ ^ 'S)xex ^x the product of {ax}x&Y- 
Note that this product does not depend on the order of multiplications 
because the family {ax}x€Y in 'S)xex ^x mutually commutes. 

The referee pointed out that the version of the next lemma when A is as- 
sumed to be nuclear and simple instead of LM is true (cf. j4l Corollary 9.4.6]). 
Since one can prove that LM algebras are nuclear and simple, this gives a 
proof of this lemma. We give an elementary proof for the reader's conve- 
nience. 
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Lemma 2.17. Let A and B he unital subalgebras of a unital C*-algebra D 
commuting with each other. If A is LM, then the natural map from A®B to 
the C*-subalgebra C* (AUB) of D generated by AUB C D is an isomorphism. 



Proof. We first show the statement in the case that A is a full matrix algebra 
M„(C). Let {eij}'^j^i be a matrix unit of ^ = M„(C). Then every element 
of A<Si B can be written as "^^j^i ^ijbij for bi 
we have 



bi\j' 



n 

E 

k=l 



G B. In C*{A[JB) C D, 



for = 1,2, ... ,n. Hence if an element Y17j=i 
to G -D by the natural map A B — )• D, then h 



£ A® B \s sent 
for all i,j which 

implies j=i = A0 B. Thus when ^ is a full matrix algebra, 

the natural map A(SiB — t- C*{AL)B) is injective, and hence an isomorphism. 

Now suppose that A is LM. Let vr : Ai^B — > C*{AuB) be the natural map. 
Take x £ A(^ B. Take e > arbitrarily. Then there exist ai,a2, . . . ,an € A 



and 61,62) 



,b„ £ B such that 



y^^ajbi 



< e. 



Since A is LM, we may assume (by perturbing ai's slightly if necessarily) 
that oi, a2, . . . , fln E M for some unital full matrix subalgebra M of A. Then 
by the first part of the proof, we have 



i=l 



Oibi 



vr 



i=l 



a,; 6, 



Hence we get 

|||x|| - ||7r(x)||| < 2e. 

Since e was arbitrary, we have ||x|| = ||7r(x)||. This shows that the natural 
map vr: A0 B ^ C*{A U B) is injective, and hence an isomorphism. □ 



We take advantage of Lemma 12.171 and use the notation A0 B whenever 
it is justified by this lemma. Note that this lemma is false if we replace 
LM by LF. To see this, just consider A = B = D = C(BC For a family 
{^x}xex of unital C*-algebras, and unital subalgebras ^ A^, we some- 
times denote by (S>xex the subalgebra of (S)xex generated by the 
mutually commuting family {Dx}xex of unital subalgebras of (S)xex -'■^ 
fact, this unital subalgebra is the image of the *-homomorphism from the 
tensor product (^^gx *o ®x(^x but no confusion should arise. 

We use the following well-known fact without mentioning. We give its 
proof for the reader's convenience. 

Lemma 2.18. Let A and B be unital C*-algebras, and Aq <^ A and Bq C B 
be unital subalgebras. Then we have (Aq Bq) D B = Bq in A® B. 
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Proof. Take a state if of A. Define a linear map E: Ai^ B ^ B hj E{ab) = 
(p{a)b for a G ^ and b£ B. Since E{b) = b ioi b £ B and E{Ao Bq) C Bq, 
we get {Aq (g) Bq) Ci B C Bq. The inverse inclusion is easy to see. □ 

For two families {Ax}x<=Xi and {Ax}xeX2 of unital C*-algebras, the tensor 
product 'S>xeXiUX2 naturally isomorphic to 

( (g) ^x) ^ ( (g) A^. 

xeXi X&X2 

We identify these two tensor products. In particular, we can and will con- 
sider (^^.gy as a unital subalgebra of (S^^ex ^"-"^ ^ subset Y of X. 
We use the convention that ~ *^ Y = 9. We remark that the 

subalgebra (S)xeY coincides with (^^.gjj^ Ax for a subset y of X if and 
only if yl^ = C for all x G X \ F. 
The following is easy to see. 

Lemma 2.19. Let {^A,x\x<^x be an infinite family of unital C*-algebras, and 
set A = ^^^x Then {^^(zx ^x}a6[x]^o ^-^ « a-complete directed system 
of subalgebras of A with dense union. □ 

Lemma 2.20. If A = ^xex ^■^ infinite, and each Ax is separable 

and not C, then the character density x(^) of A is equal to \X\. 

Proof. Fix a countable dense Cx ^ Ax for each x. Their union has cardi- 
nality |X| and generates A. This shows x(^) ^ 1^1- Take a subset Z <^ A 
with cardinality less than \X\. For each z G Z, there exists G [X]'^° with 
z G (S)xG\ Lemma 12.191 Since the set IJzez X has cardinality 

less than |X|, we can find x G X outside of this set. Since Ax is not C, Z is 
not dense in A. Hence x(^) = 1^1- D 

For a unitary u of a unital C*-algebra A, an automorphism Adn on j4 
is defined by Ad n(a) = uau* for a G A. Let {A^jj^iex be a family of 
unital C*-algebras. By the universality, a family {ax}x&x of automorphisms 
a^; on Ax determines the automorphism a on ®x(^x^x with a \Ax= 
which we denote by ®x&x ^'^^ ^ subset Y O X and a family {ax}xeY 
of automorphisms a^; on Ax, we denote by (^^jgF "^^^ automorphism 
^xex °f ^xex where Ox = idA^ for x G For unitaries Ux G Ax 

for X G y, we get an automorphism (^^^y Adn^. on ^4 = <S)xex When 
Y is finite, we get (^^.gy Ad Ux = Ad u where u = YlxeY '^x S A, but in 
general, (^^.gy Ad Ux is not in the form Ad u for a unitary u of A. 

2.4. Relative commutants. For a subset ^ of a C*-algebra B, we denote 
by Zb{A) the relative commutant (or centralizer) of j4 inside i?; 

Zb(^) := {5 G B : a5 = 6a for all a £ A} 

which is a subalgebra of S if ^ is closed under the *-operation (for example 
if yl is a subalgebra). We avoid the common notation A' r\ B for Zb{A) in 
order to increase the readability of certain formulas. For a subset ^ of a 
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C*-algebra B, we denote by C*{A) the subalgebra generated by A. Note 
that Zb{C* (A)) = Zb{A) for a subset A closed under the *-operation. We 
also note that Zb{Ai U A2) = Zb{Ai) D Zb{A2). 

Lemma 2.21. Let A and D he unital C*-algebras. If A is LM, then 
Za®d{A) = D. 

Proof. It is clear from the definition of tensor products that Za(^d{A) D D. 
Take xq S Za(^d{A). For any e > 0, there exist elements ai, . . . ,0^ G A 
and di, . . . ,dn £ D such that ||xo — X^^Li < e. Since A is LM, we may 
assume that oi, . . . , a„ are in a full matrix unital subalgebra M of A. Let 
E: A<^D — )■ Af^D be a contractive linear map defined by E{x) = Jjj uxu*du 
for X £ A0D where du is the normalized Haar measure on the unitary group 
U of M. Since xq G ZA^ni^), we have E{xo) = xq. For a £ M and d £ D, 
we have E(ad) = ti{a)d where tr: M — )• C is the normalized trace. Hence 
we have ||xo — X^^Li tr(ai)6i|| < e. This means that xq D. Since e was 
arbitrary, xq £ D. Thus we get Za»d{A) C D, and therefore ZA^oi^) = D. 
We are done. □ 

By letting D = C in the lemma above, we see that the center Za{A) of 
an LM algebra ^ is C. Thus one can write the conclusion of Lemma 12.21 1 as 
Za®d{A) = Za{A)®D. The referee pointed out that Za^d{A) = Za{A)(S'D 
holds for minimal tensor products by [12i Theorem 1]. Since one can prove 
that LM algebras are nuclear and satisfy Za{A) = C, this gives an indirect 
proof of Lemma 12.211 

To prove Proposition 14.51 (3). we need some facts on nuclear C*-algebras 
(Lemma 12. 221 and Proposition 12.24] ). When we apply Proposition 12 . 24] in the 
proof of Proposition 14.51 (3), we use the fact that a UHF algebra is a tensor 
product of separable nuclear C*-algebras because full matrix algebras are 
nuclear. A nice exposition of nuclearity of C*-algebras can be found e.g., in 

in- 

Lemma 2.22. Let A and D be unital C*-algebras, and Aq a unital subal- 
gebra of A. Suppose that D is nuclear. Then Zai»d{Ao) = Za{Aq) D. 

Proof. Clearly we have Za{Aq) (g) D C ZA^niAo). Let 

F := {c£ A(g) D : (id(g)a;)(c) £ Za{Aq) for all oj £ D*}. 

For a £ A A D and c £ A® D, we have 

(id (8)a;)(ac) = a(id(S'w)(c), (id(8)Ci;)(ca) = (id (X>a;)(c)a 

for all CO £ D* . Hence we get Za^d{Aq) C F. We claim that F = 
Za{Aq)i^ D. This equality is usually referred to as the slice map property of 
the triple {D, A, Za{Aq)) (see |4l Definition 12.4.3]). Here we remark that 
the (maximal) tensor product considered in this paper coincides with the 
minimal one because D is nuclear. By ^4j Theorem 12.4.4 (2)] (see \^ Defi- 
nition 12.4.1] and note nuclear <^CPAP^SOAP), the triple (D,A,Z^(Ao)) 
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has the shce map property because D is nuclear. Thus we have Za{Aq)(^D = 
Za®d{Aq). □ 

Definition 2.23. Let j4 be a unital C*-algebra, and Aq a unital subalgebra 
of A. We say that Aq is complemented in A if C*{Aq U Za{Aq)) = A. 

In a tensor product A = ®^^x unital C*-algebras A^, a subalgebra 
Ay = 0a;Gy complemented for every subset Y of X. 

Proposition 2.24. Let A he a unital C*-algehra. Suppose that there exists a 
unital C*-algehra D such that A®D is a tensor product of separable nuclear 
C*-algebras. Then for a a-complete directed system {^a}agA of separable 
subalgebras of A with dense union, there exists a club Aq ^ A such that for 
each A G Aq, Ax is complemented in A. 

Proof. Fix a dense X C A and a dense Y C D. Then {C* (fj.)} ^^^xuY]^o is 
a (T-complete directed family of separable subalgebras oi Ai^ D with dense 
union. Since Ai^ D is a tensor product of separable C*-algebras, A® D has 
a (T-complete directed system of separable complemented subalgebras with 
dense union by Lemma 12.191 Hence by Proposition 12.121 there exists a club 
C C [X U Y]^o such that C*{fi) is complemented in A(Si D for all fj, £ C. 
By Lemma [2771 there exists a club Cq C [X]^" such that for every G C'o 
there exists // G C with fiQ = nCiX. By Lemma \2M {C*(^o)}/ioGCo is a 
(T-complete directed family of separable subalgebras of A with dense union. 
Hence by Proposition 12.121 applied with id: A ^ A, we get a club Aq C A 
such that for each A G Aq there exists /xq G Cq with Ax = C*(/xo). 

It remains to prove that Ax is complemented in A for every A G Aq. 
Take A G Aq. Then by the arguments above, there exists fj, G C such that 
Ax = C*(/inX). Then C*{p,) is complemented in A(^D, and we have Ax ^ 
C*{lj) Ax®D. Since A(^D is & tensor product of nuclear C*-algebras, D 
is nuclear by [4, Proposition 10.1.7]. Hence we get Za{Ax)®D = Za®d{Ax) 
by Lemma l2.22[ Therefore we have 

A®D = C*{C*{^JL) U Za<^d{C*{ii))) 

<^C*{{Ax®D)uZa^d{Ax)) 

= C*{{Ax')^D)\J{Za{Ax)®D)) 

= C*{Ax^Za{Ax))®D. 

This shows that Ax is complemented in A and finishes the proof. □ 

3. LM BUT NOT UHF 

Proposition 13.21 gives examples of unital LM algebras that are not UHF, 
answering part of [6[ Problem 8.1]. Recall that Z is the Jiang-Su algebra. 
We shall need the following properties of Z proved in [13]: 

• Z is a unital, separable C*-algebra which is not UHF. 

• A® Z = A for any infinite-dimensional separable UHF algebra A. 
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Definition 3.1. The UHF algebra <S)n^ M2(C) is called the CAR algebra. 

Proposition 3.2. For two sets X and Y, define Axy ■= (^j^ M2(C) (8) 
2. Suppose that X is infinite. Then we have the following. 

(1) Ax,Y is a unital LM algebra with xiAx,Y) = \X\ + \Y\. 

(2) Ax,Y is UHF if and only if \X\ >\Y\. 

(3) Ax,Y (S)D is UHF for any UHF algebra D with x{D) > \Y\. 

Proof. Since X is infinite, we can identify Axx with <^x ^ ^Y ^ where 
A is the CAR algebra. For each A G [X]^o and A' G [Y]^o get 



Dx,x' ■.= (^A^(^Z C Ax,Y 
X y 

Then -Da,A' is the CAR algebra for all A and A'. Since {-Da,A'} is a fj-complete 
directed system with dense union, we see that Axx is LM. By Lemma [2. 20^ 
we have x{^x,y) ~ \-^\ + 1^1- This shows (1). 

By rearranging the factors, we see that Axx is UHF if \X\ > \Y\ and 
that Ax,Y (8) -D is UHF for a UHF algebra D with xiD) > \Y\. It remains 
to show that Ax,y is UHF only if \X\ > \Y\. For the sake of obtaining 
a contradiction, assume that \X\ < \Y\ and Axx is UHF. Let us denote 
by Ax = M2(C) for x £ X and Ay = Z for y & Y the unital subalgebra of 
Ax,Y so that Ax,Y = ^^gx Ax<^<S>yeY Let <^ : Ax,y ^ <S>z&z be an 
isomorphism where Z is a set and {Mz}z£Z is a family of full matrix algebras. 
For each x £ X, there exists a finite F^ ^ Z such that ^'[^x] ^ ^^^p^ M^. 
If we set Zi = \Jx(zxPx ^ Z, then we get \Zi\ = \X\ and 'J' [ ^xgx ^2;] ^ 

C $[ 

get mi < 



Mz. Similarly, for each z £ Zi there exists a finite C y such that 



If we set Yi = UzeZi ^2 — then we 



\Z, 



\X\ and 



A^, 



Ax (X" J-Ly 

Next for each y £ Yi there exists a countable Cy Q Z such that ^ 







zee. 



If we set Z2 = Zi U Uj/eVi ^J/ — ^' then we get Zi C Z2, 



\Zo\ = \X\ and 



xgx j/Gyi zeZ2 
Recursively, we can find increasing sequences {Yk}^^i and {Zk}'^^i of sub- 
sets of Y and Z, respectively, such that \X U Yk\ = \Zk\ = \X\ and 



A, 



^a; "Sy ^y 
' xeX yeYk 

for = 1, 2, . . .. We set Y' := U^i YkCY and Z' := U^i Zk C Z. Then 
we have \X U Y'\ = \Z'\ = \X\ and 



Ax 



A, 



' xex 



y&' 
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Since ^^eZ' UHF and hence LM, we have 



^AX,Y [Q^^X^ = Ay, 

xeX yeY' yeY\Y' 

Z^.ezM.{®M,) = (g) M,. 
zez' zez\Z' 

by Lemma ETUI Thus we get [ (8)jyey\y' ^y] = ^z<az\z' Since \Y'\ < 
\X\ < \Y\, we see that y \ y is infinite. Hence Z \ Z' is also infinite. By 
Proposition [2T2] and Lemma [2T9l there exist C e [Y \ Y'fo and C G 
[Z\Z'fo such that $ [ 0^^^- ^y] = <S)zeC' This is a contradiction 
because <S>y(^c = 2. is not UHF. □ 

We thank the referee who pointed out an error of a proof of Proposi- 
tion 13.21 (3) in an earher draft. By Proposition 13.21 the unital C*-algebra 
Ax,Y is LM but not UHF if \X\ < \Y\. When \X\ = and \Y\ = Hi, we 
see that Ax,y is AM by Theorem ll.3l (1). In the other case, we do not know 
whether Ax,y is AM or not. 

Problem 3.3. Let X,Y be sets such that < \X\ < \Y\ and < \Y\. Is 
Ax,Y = (S)x ^2(C) (g)y ^ AM? 

4. AM BUT NOT UHF 

In this section, for each infinite set X we define a unital AM-algebra 
Bx with x{Bx) = l-^l) and show that Bx-, or even Bx ® D for a unital 
C*-algebra D, is not UHF when \X\ > Hi. 

Lemma 4.1. A C*-algebra generated by two self-adjoint unitaries v,w with 
vw = —wv is always isomorphic to M2(C). 

Proof. A C*-algebra A generated by two self-adjoint unitaries v, w with 
vw = —wv is spanned (as a vector space) by 4 elements {l,v,w,vw}, and 
it is noncommutative. Hence it is isomorphic to M2(C) which is the unique 
noncommutative C*-algebra with dimension < 4. A concrete isomorphism 
from A to M2(C) is given by sending v and w to the unitaries 

I -l) ^"^^ (? I 

in M2(C). □ 

Let us take a set X. For each x G X, let A^ be a C*-algebra generated by 
two self-adjoint unitaries VxjWx with VxWx = —WxVx- By Lemma l4.ll Ax is 
isomorphic to M2(C). We define a UHF algebra Ax by Ax := ^xex ^x — 
(^x^2{C). We define an automorphism a on Ax by a := (^^.g;^Adf^. 
Note that = id. Let {eij}^^^^ be a system of matrix units of M2(C), 
and define an embedding 

l: Ax 3 aei,i + a(a)e2,2 G Ax ^ M2(C). 
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Let u G Ax tX" M2(C) be a self-adjoint unitary defined by u := ei_2 + 62,1- 
Set Bx '■= C*{i{Ax) U {«}). We consider Ax as a unital subalgebra of Bx 
and omit l. Then we have ua = a{a)u for a E Ax and i?x = {o^ + cl' '■ 
a, a' £ Ax}- 

Remark 4.2. The C*-algebra Bx is nothing but the crossed product Ax Xo 
(Z/2Z). 

For Y C X, we denote by Ay the subalgebra (^^gy^^ ^ Ax ^ -Bx, 
and define By := C*(Ay U {u}) C Bx- It is easy to see that Ay Q Ax is 
globally invariant under a, and hence By = {au + a' : a, a' € Ay}. 

Lemma 4.3. IfY is infinite then Zbx{^y) = ^x\Y- 

Proof. Since Zax{^y) = Ax\y by Lemma \2-21\ it suffices to show that 
Zbx{^y) ^ ^x- Take au + a' G Zbx{-^y) with a, a' G j4x, and we will 
show a = 0. 

For any e > there is a finite F C X such that a G^ A^?. Since Y is 
infinite, pick y £Y\F- The unitary ti;^ G Ay satisfies uwy = —WyU- Hence 
Wy{au + a') = (au + a')wy yields {wyU + awy)u + [wyo' — a'wy) = 0. Since 
bu + b' = for b, b' in Ax implies b = b' = 0, we have tWj^a = —awy- Thus 
we get 

||a|| = llfWyall = \\wya + Wya\\/2 = \\wya — aWy\\/2- 

SinceaGeAp and commutes with Aj?, we have || a || = \\wya—aWy\\/2 < e- 
Since e was arbitrary, a = 0. We are done. □ 

Lemma 4.4. If Y C X and Y is infinite, then By is not complemented 
in Bx- 

Proof Since By = C*{Ay U {u}), we have 

ZBxiBy) = ZBxiAy) H ZBxiM) = Ax\y H ZbxHu}) 
by Lemma 14.31 Hence 

C* {By U ZBxiBy)) = {au + a' :a,a'e Ay (g, iAx\y n Zbx{{u}))} 
which does not contain Wy G Ax\y for y £ X \ Y . □ 

Proposition 4.5. (1) If X is infinite, then Bx is a unital AM algebra 
with x{Bx) = \^\- 

(2) If X is uncountable, then Bx is not UHF. 

(3) // X is uncountable, then Bx ® D is not UHF for any unital C*- 
algebra D. 

Proof- ^ Suppose X is infinite. 
Let us set 

A = {(F, y) : F C X finite, and y G X \ F} 

and define 

D^F^y) = C*{BFU{wy}) QBx- 
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for {F,y) £ A. Then it is clear that {D(^F,y)}{F,y)eA is a directed family 
with dense union. It remains to show that D^py-j is a full matrix algebra for 
{F, y) G A. Take (F, y) G A with |F| = n e N. Then we have Ap = Ms- (C), 
and the restriction of a to Ai? coincides with Adv where 

x&F 

Then the two self-adjoint unitaries uv and Wy in D{F,y) satisfy Wy{uv) = 
— {uv)wy and commute with Ap. By Lemma HTl the subalgebra of Df^py-^ 
generated by uv and Wy is isomorphic to M2(C), and commute with Ap. 
Since Df^py) is generated hy Ap and this subalgebra, D(^p^y-j is isomorphic to 
M2n+i(C). We are done. 

^ Suppose X is uncountable. Then {5y}yg[x]^o is a cr-complete di- 
rected family of separable subalgebras of Bx with dense union. By Lemma [4.4l 
neither one of these subalgebras is complemented. By Lemma 12.191 a UHF 
algebra has a a-complete directed system of separable complemented subal- 
gebras with dense union. Hence Bx cannot be UHF by Lemma l2.7i 

^ As in (2), Bx has a cr-complete directed system of separable subal- 
gebras with dense union neither one of which is complemented. By Propo- 
sition 12.241 Bx (8) D cannot be UHF for any unital C*-algebra D because 
every UHF algebra is a tensor product of separable nuclear C*-algebras. □ 

Note that an example of a unital LM algebra A that is not UHF given in 
Proposition 13.21 has the property that A<^ D is UHF for some UHF algebra 
D, but the one given in Proposition 14.51 does not have this property. 

The following answers [6l Problem 8.3] negatively although it was cer- 
tainly known. 

Corollary 4.6. There is a proper subalgebra A of the CAR algebra B such 
that A is also CAR algebra and Zb{A) = CI. In particular, B ^ A0Zb{A). 

Proof. Use Proposition 14.51 with X = N. Then Ax is the CAR algebra. The 
C*-algebra Bx is also the CAR algebra because it is a separable unital LM 
algebra obtained as a direct limit of algebras of the form M2"(C) by the 
proof of Proposition 14.51 By Lemma 14.31 we have Zsxi^x) = CI. □ 

5. AM = LM AND AF = LF FOR character density < 

We first show AM = LM -|- AF. We use the following well-known result 
repeatedly. Recall that a finite-dimensional C*-algebra D is isomorphic to a 
direct sum of finitely many full matrix algebras (e.g., [5l Theorem HI. 1.1]), 
and the cardinality \F\ of a system F of matrix units of D as defined after 
[5l Theorem HI. 1.1] coincides with the dimension of D. 

Lemma 5.1 ([5, Corollary III.3.3]). Civen d gN, there exists 5 > so that 
if D is a finite- dimensional subalgebra of a C*-algebra A with a system F of 
matrix units such that \F\ = d and B is a subalgebra of A such that F B, 
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there exists a unitary u in the unitization of A satisfying uDu* C B and 
commuting with D D B. 

Moreover, for a previously given e > in addition to d, there exists 5 > 
such that one can choose u as above so that \\u — \\\ < e. □ 

Proposition 5.2. A C*-algebra is AM if and only if it is LM and AF. 

Proof. We only need to prove that if a C*-algebra A is LM and AF, then it 
is AM. Take a directed family {Dx}x<=a of finite-dimensional subalgebras of 
A with dense union. To show that A is AM, it suffices to show that for any 
A G A there exists a full matrix subalgebra M containing Dx and contained 
in Dx' for some A' ^ A. Then the set of such full matrix subalgebras is 
directed and has dense union. 

Take A G A. Let -F be a system of matrix units of Dx- Let (5 > be 
as in Lemma 15.11 for d = \F\ G N. Since A is LM, it has a full matrix 
subalgebra Mq such that F Qs Mq. By Lemma 15.1^ there exists a unitary 
u in the unitization of A satisfying uDxu* C Mq. Let F' be a system 
of matrix units of u*Mqu. Let 5' > he as in Lemma 15.11 for d = \F'\. 
Since {-DaIasA has dense union, there exists A' G A such that A' ^ A and 
F' C^/ Dy- By Lemma l5.H there exists a unitary u' in the unitization of A 
satisfying u'{u*Mqu)u'* C Dy and commuting with {u*Mqu) D Dy- Since 
Dx Q {u*Mqu) n Dy, the full matrix subalgebra M := u'{u*Mqu)u'* of A 
satisfies Dx Q M CI Dy- This completes the proof. □ 

By Proposition 15.21 the statement AM = LM is reduced to AF = LF 
because LM implies LF. Thus we only show that AF = LF for character 
density at most b^i although the same argument as below works for showing 
AM = LM directly by just changing "F" to "M" and "finite-dimensional" 
to "full matrix" in all statements and proofs. 

Lemma 5.3. Let A be a separable AF algebra. For an increasing sequence 
{Dn}neN of finite- dimensional subalgebras of A there exists an increasing 
sequence {D'^}nen of finite- dimensional subalgebras with dense union such 

that UneN^n^UneN^n- 

Proof. This is well-known to specialists, and can be shown in a similar way 
to ^ Theorem III.3.5]. For the reader's convenience, we give a proof. 

Let {-Bfc}/jgi*} be an increasing sequence of finite-dimensional subalgebras 
of A with dense union. We construct inductively an increasing sequence 
{kn}nen in and a sequence {tinjneN of unitaries in the unitization of A 
with ||tt„ — 1|| < 2~" such that for each n G N the finite-dimensional algebra 

Un ■ ■ ■ U2UiDnUlu2 ■ ■ ■ U*^ 

is contained in Bk„ and commutes with u„+i. We first construct ki and ui- 
Choose fci G N such that F Qs Bki where F is a system of matrix units of 
Di and (5 > be as in the latter statement of Lemma l5.ll for d = \F\ and 
e = 2~^. By Lemma l5.ll there exists a unitary ui in the unitization of A 
satisfying uiDiu^ C B^^ and — 1|| < 1/2. Suppose that ki, . . . , kn-i G N 
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and unitaries ui, . . . , Un-i were chosen. Choose A;„ G N such that kn > kn-i 
and F' C^/ B^^ where F' is a system of matrix units of 

Un-l ■ ■ ■ U2UiDnU{u*2 ■ ■ ■ 

and > be as in the latter statement of Lemma 15.11 for d = \F'\ and 
£ = 2~'^. Lemma |5 . 1 1 gives us a unitary n„ in the unitization of A satisfying 

^n^n—l 

■ ■ ■ U2UiDnU[U2 ■ ■ ■ U*^_iU*n C , 

commuting with 

Un-l ■ ■ ■ U2UiDn-lu\u*2 ■ ■ ■ C • • • U2UiDnU[u*2 ■ ■ ■ n 

and satisfying — 1|| < 2~". Thus we get the desired sequences {kn}n&i 
and {n„}„gN- 

Since ||n„ — 1|| < 2~" for ah n G N and X^ngN = 1 < oo, the sequence 
{un ■ ■ ■ 'U2'Ui}nGN Converges to a unitary u in the unitization of A. Since 

Un--- U2UiDnU[u*2 • • • = Un+lUn ■ ■ ■ U2UiDnU\u*2 ■ ■ ■ n*^*^^ 

C Un+lUn ■ ■ ■ U2UiDn+lulu*2 ■ ■ ■ 

Un - ■ ■ U2UiDnUlu2 ' ' ' commutes with n„+2. By repeating this argument, 
one can see that Un - ■ ■ U2UiDnu\u2 • • • ""n commutes with Um for all m > 
n. Hence we get iiDfiii* — UjiU^—i • • • U2UiDnU\u*2 - ■ ■ U*^_]^Un C B^^. We 
set D'^ := u*Bk„u for n E N. Then {Z)^}„gN is an increasing sequence 
of finite-dimensional subalgebras with dense union such that UneN ^ 
UnenK- □ 

In the next lemma, for two families T = {Dx}xeA and T' = {I?^}agA' of 
subalgebras, T C T' means that A C A' and Dx = D'^ for each A € A. 

Lemma 5.4. Let A be a separable AF algebra contained in a separable AF 
algebra A'. For a countable directed family T of finite- dimensional subalge- 
bras of A with dense union, there exists a countable directed family T' of 
finite- dimensional subalgebras of A' with dense union such that T C T'. 

Proof. Let us write T = {Dx}xeA- Since A is countable, we can choose a 
subsequence {A^jngN of A such that UagA = UneN -^a„- By Lemma [5^ 
there exists an increasing sequence of finite-dimensional subalge- 

bras of A' with dense union such that UnGN ^ UneN ^'n- each A G A, 
there exists n G N such that Dx C D'^ because Dx is finite-dimensional. Let 
A' := A n N, ordered by requiring that A and N have their natural order- 
ings and A :^ n if Dx C D'^. Then the family T' := {D'^}xeA' defined by 
D'^ := Dx for A G A satisfies the desired properties. □ 

Lemma 5.5. Each LF algebra of character density at most b^i has a a- 
complete directed family of separable AF subalgebras with dense union in- 
dexed by the ordinal uji . 
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Proof. Let A be an LF algebra with x(^) ^ ^i- Fix a dense subset {x^ : 
7 G uji} of A, and define Ax := C*({X'y : 7 < A}) for each A G wi. Then 
{Ax}x<=u}i is a (T-complete directed family of separable subalgebras of A. 
By Lemma 12.131 ^ also has a cr-complete direct family of separable AF 
subalgebras with dense union. By Proposition 12. 12] applied with id: A ^ A, 
there is a club A C such that Ax is AF for A G A. As ordered sets, A is 
isomorphic to wi, and {Ax}xeA is the desired family. □ 

Proposition 5.6. Each LF algebra of character density at most Hi is an 
AF algebra. 

Proof. Let A be an LF algebra with x(^) < ^i- Let {A^I^goji be a a- 
complete directed family of separable AF subalgebras of A with dense union 
as in Lemma 15.51 Using transfinite recursion, we are going to construct 
an increasing family of countable directed families of finite-dimensional 
subalgebras whose union is dense in A^ for each ^ G For = 0, choose 
an increasing sequence of finite-dimensional subalgebras of ^0 with dense 
union, and set it Tq. If has been defined, then T^+i is defined using 
Lemma 15.41 If r/ is a limit ordinal and has been defined for all ^ < t], 
let = U5<r) ^C- Since A^ is the closure of the union of {^g}g<^, is as 
required. 

Finally let T = Ugei^i "^C- Then this is a directed family of finite- 
dimensional subalgebras of A with dense union. Thus A is an AF alge- 
bra. □ 

The example of the following section easily shows that the version of 
Lemma 15.41 for nonseparable algebras is false. 



6. AM / LM AND AF / LF FOR character density > "i^i 

In this section, we construct an LM algebra which is not AF. This C*- 
algebra shows the difference between the classes of AM and LM algebras as 
well as between the classes of AF and LF algebras. To show that a given 
C*-algebra is not AF, we use the following criterion. 

The converse direction in the following lemma was proved by George 
Elliott, following a remark by Tamas Matrai, during the first author's talk 
at a set theory seminar in Toronto in April 2009. 

Lemma 6.1. A C*-algehra A is AF if and only if there exists a map p: A ^ 
A such that \\a — p{a)\\ < 1 for every a £ A and C* {{p{a)} a^p) is finite- 
dimensional for every finite subset F of A. 

Proof. Assume A is AF and let {Ax}xeA be a directed family of finite- 
dimensional subalgebras of A with dense union. For each a G A there exists 
Aa G A such that there exists p{a) G Ax^ with \\a — p{a)\\ < 1. For every 
finite subset F of A there exists A G A such that A ^ Aa for all a G F. Then 
C* {{p{a)} aep) ^ is finite-dimensional. 
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Now assume that p: A — )• A is as in the statement of the lemma. If A is 
the family of all finite subsets of A then A\ = C*{{p{a)}a£x) form a directed 
family of finite-dimensional subalgebras of A. Fix a G A and e > 0. Let 
A = {a/e}. Then ep{a/e) E Ax and \\a — ep{a/e)\\ < e. Since o and e were 



We also use the following lemma (for the case when A is the CAR algebra) 
in the proof of Proposition 16.121 

Lemma 6.2. Let A be a unital LM subalgebra of a unital C*-algebra B. 
Take ai,a2, ■ ■ ■ ,an G A and bi,b2,---,bn G Zb{A). If {ai)2=i is linearly 
independent in A and Yl^=i CLibi = in B , then we have bi = for all i. 

Proof. Since A is LM, the natural map from A (8) Zb{A) to B is injective 
by Lemma 12.171 It is well known that the inclusion map from the algebraic 
tensor product of A and Zb{A) to the (maximal) tensor product Af^ Zb{A) 
is injective (see p., II. 9. 1.3]). The conclusion follows from these lemmas. □ 

Definition 6.3. We say that a pair (^1,^2) of self-adjoint unitaries vi,V2 in 
a unital C*-algebra is generic if the family 



= {l,Vl,V2,VlV2,V2Vl,ViV2Vi,V2VlV2,VlV2VlV2,V2ViV2Vl,VlV2VlV2Vl, . . .) 

is linearly independent. 

In other words, (f 1, ^2) is generic if and only if the map sending the natural 
generators of the group algebra C((Z/2Z) * (Z/2Z)) to vi,V2 is injective. 



Lemma 6.4. Let vi,V2,wi,W2 be the four self-adjoint unitaries in the C*- 
algebra C([0, 1], M2(C)) defined by 



fort G [0,1]. Then vi,V2,wi,W2 satisfy viwi = —wivi, V2W2 = —W2V2 and 
the pair (^1,^2) is generic. 

Proof. It is routine to check the two equalities viwi = —wiVi and V2W2 = 
—W2V2. That the pair (vi, V2) is generic comes from the fact that {cos(n7rt) + 
sm(mrt)}n£Z is linearly independent in C([0, 1]). We leave the details 
to the readers. □ 

Let X be an infinite set, and [X]'^ be the set of all subsets of X with 
cardinality 2. For ^ = {x,y} G [X]'^ let A^ be the CAR algebra. We fix 
four self-adjoint unitaries Vx,y,Vy^x,Wx,y,Wy^x in A^ such that Vx^yWx^y = 
-Wx,yVx,y, Vy^xWy^x = -Wy,xVy,x and the pair {vx,y,Vy^x) is generic. Such 
unitaries exist by Lemma 16.41 because there exists a unital embedding from 
C([0, 1],M2(C)) to the CAR algebra. 



arbitrary, we conclude A is AF. 



□ 



((^^l?^2)", (wiW2)"^'l) 
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We define a UHF algebra A[^]2 by Aj^p = (S)^e[x]^ ^€ - 'S>[xpx^o ^^2(C). 
For a subset Y of X, we set A^yp = ^^e[Yp ^5 — ^[x]^- 

Definition 6.5. For a set X, we denote by Gx the abelian group consisting 
of all finite subsets of X where the operation is the symmetric difference A. 

We often identify an element x X with a subset {x} of X. Thus 
the group Gx is generated by the family {x}xex of mutually commuting 
involutions. Hence Gx is isomorphic to the group (Z/2Z) of the direct 
sum of |X| copies of Z/2Z. 

For g G Gx we define an automorphism Og on A^xp by 

ag= A.dVx,y. 

X £ g and y ( g 

li X ^ g define unitaries Vg-x and Vx-g in ^[x]^ via 

Vg\x = and ^x;g = J_ j_ Vx^yVy^x- 

y<^9 y<^g 
Lemma 6.6. If x ^ g then ag o ax = AdiVg-x) ° Oguja;} '^''^'d Ogufx} o = 

Ad(K;g) oOg. 

Proof. Note that u^^^y and w^^j commute unless z = y and x = t. Using x ^ g 
we have 

agoaj,= (^ Advy^;,^ o (^(^Advx,z^ 

ydg and z^g z^^x 

= {^<^Advy^x° ® Aduy,^) o (^(g)Adt;^,2 (g) Adt;^,^) 

J/Gg y£g and z^gU{x} zGg z^gU{x} 

= Ad(yg;^) o agyj{x} 

This proves the first equality. Since ax is an involution and Vx-g = Vg-xi 
first equality implies the second equality. □ 

Let us choose a faithful representation A^xp ^ ^{H) on some Hilbert 
space H (see Section [7] for one construction of such a representation). Let 
C^{Gx,H) be the Hilbert space consisting of functions ^ : Gx — >• H with 
EgeG^ < oo. We embed A^xp mto B{e{Gx,H)) by 

(ae)(5) = ag{a)i{g) G F 

for a G ^[x]2, C £ ^'^{Gx,H) and 51 G Gx- For each x G AT, we define 
Ux£BifiGx,H)) by 

(.UxO{9) = Vg.,x^{gU{x})eH 
{uxO{9^{x}) = Vx;gag)eH 

for ^ G i'^iGx, H) and g e Gx with x ^ 5. 

Lemma 6.7. For eac/i x G A, n^; is a self-adjoint unitary such that Adti^; 
and ax agree on A^xp ^ B{£'^{Gx, H))- 
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Proof. For g € Gx such that x ^ g the subspace f'{{g,g U {x}},H) C 
('^i,Gx,H) is invariant for Ux, and is represented on it as 

K: 



'g;x 





This shows that Ux is a self-adjoint unitary. To show that Adu^^ and 
agree on ^[x]^ ^ B{£'^{Gx , H)), it suffices to see 



Ad(Vg;a;) O Ogyj^x} = «<; o 



a.7 



which is Lemma 16^6 



□ 



By Lemma r6.7l we see that for {x, y} G [X]^ and z G X we have Ad Ux Ia^^ - 
Advx^y, and Aduz \ai^ v}~ '^'^^^ ^ ^ i^' y}- particular, Uz commutes with 



^x,y 



unless y 



z. 



Lemma 6.8. For {x,y} G [X]^ the two self-adjoint unitaries UxVx,y and 
UyVy^x commute. 

Proof. Take {x,y} G [X]^. First note that for h G Gx we have ah{vx,y) = 



Vy^xVx,y'Vy,x 



ii y ^ h and x ^ h, and ah{v; 



'^x,y 



otherwise. 



Fix g G Gx such that x ^ g and y ^ g. The subspace 

= f{{g, g U {x}, g U {y}, g U {x, y}}, H) C e\Gx,H) 

is invariant for each of u^, Uy, Vx^y and Using the observation in the 
beginning of this proof, we see that Ux, Uy, Vxy and Vy x are represented on 
Hghy 



Ux 



1 


Vg,x 





\ 


















yg^{y}v~ 


c 


Vo 


^x;gU{y} 





/ 


/ 


yg;y 





\ 








Vgu{x}; 


y 












\ 


yy;gyj{x} 





) 



'^x,y 



Jy,x 



^Vx^y 










\ 





















'Vy,x'^x, 


yVy,x 















Vx,y/ 












M 





'^x,y'^y,x'^x,y 
















"^yyX 





vo 












x;gVx,y 


'^y,x 5 


we see 


that 


UxVx 



and represented on by 

/ 



UrV 



x ^x,y 



^g\xVx,y 








\ 





^g\xVy,x 



y y^^ 



^x;g'^x.y 



V Vx;gVy,x / 

/ Vg,yVy,x \ 

Vg.yV, 





yy;g''^y,x 



V yy:gVx,y 







/ 
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The unitaries Vg-x,yx;g,yg;y,yy;g,Vx,y and Vy^x occurring in entries of these 
two matrices commute with each others except that Vx,y does not commute 
with Vy^x- Using this fact, one can show that both {uxVx,y){uyVy^x) and 
{uyVy,x){uxVx,y) are equal to 

/ Vg,xVg;y\ 

/ 

Therefore UxVx,y and UyVy^x commute. □ 
Let 

S[^]2 ■.= C*{A[x]^U{ux}xex)^B{f{Gx,H)). 
For a subset y C X, we define 

B[Y]2 ■■= C*{A[Y]2 U {Ux}x€y) ^ B[x]2- 

Remark 6.9. The C*-algebra does not depend on the choices of em- 

beddings A^x]2 ^ B{H), and is isomorphic to a cocycle crossed product 
^(a,c) Gx for an appropriate cocycle action (a, c) (see [E] for defini- 
tions of cocycle actions and cocycle crossed products). In fact, the proof of 
Proposition 16.101 shows that any C*-algebra generated by A^x]^ U {ux}xex 
with the relations in Lemma 16.71 and Lemma 16.81 is isomorphic to B^x]^- 

Proposition 6.10. The C*-algehra B^x]^ ^ unital LM algebra with xiB^xp) = 
\X\. 

Proof. By Lemma 12.201 we have xi^ix]'^) — \-^\- This implies x(^[x]2) = 
\X\. 

We are going to show that i?[x]2 is a direct limit of CAR algebras. This 
implies that i?[x]2 is LM. For a finite subset F Q X and an injective map 
l: F ^ X \ F, define a subalgebra -D(p't) C B^xp by 

B{F,l) '■= C*{B[p]2 U {Wx^,(x)}x€f) ^ 

The family of subalgebras is directed because X is infinite, and 

its union is dense in B^x]^- Thus it suffices to show that D(^p^^-j is the CAR 
algebra for every finite subset F <Z X and every injective map l: F ^ X\F. 

Take a finite subset F C X and an injective map t: F — )• X \ F. For 
X & F, we define 

Ux:=Ux Y[ Vx,y e Di^F,i)- 

y&F\{x} 

which is a self-adjoint unitary. Since Lemma 16.71 shows 

Adu^. U[^j2= U[^j2= Ad( Jl U[^p, 

ygF\{^'} 

ti^ commutes with the subalgebra j4[^]2. The family {u'x}x&F mutually com- 
mutes by Lemma 16.81 For each x £ F, the self-adjoint unitary Wx^i(^x) ^ 
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D{F,i) commutes with j4[p]2 and ^y}j/G-F\{a;}i and satisfies u'^Wx^i[x) = 

—Wx^c{x)u'x- Therefore C*{u'x,Wx^i,(x)) is isomorphic to M2(C) for x G F by 
Lemma |4.H and the family 

{C*{Ux,Wx,,(x))}xeF U {A[F]2} 

mutually commutes. Since D(F,i) is generated by these mutually commuting 
subalgebras, we get 



Z)(p,,) = ® C*«, ^ Af2(C). 

We are done. □ 

Lemma 6.11. Let Y he a nonempty proper suhset of X . Take x £Y and 
y £ X\Y. Then every element in -B[y]2 C B\^x]'^ can he written as avx^y + a! 
for a, a' G Zs^^^^iA^x^y})- 

Proof. Since Vx^y is a self-adjoint unitary in As^x.y}-, set of all elements in 
the form avx^y+a' for a, a' G -^Sj^^p is a subalgebra of B^x]^- Hence it 

suffices to show that the generators A\^y]'^^ {^z} z& of i?[y]2 are in this form. 
We have Ajyp C ZB^^^2{^{x,y}) since y ^Y. We have G Zg^^ja 
for z G Finally, we get Ux = {uxVx,y)vx,y and UxVx,y G ^£[^,2 i^{x,y})- 

We are done. □ 

Proposition 6.12. // \X\ > Hi then B^xp is not AF. 

Proof. For the sake of obtaining a contradiction, assume that B^x]^ is AF. 
Then by Lemma [6.1l there exists a family {bx}xex in -B[jj(^]2 with Hn^;— ftj^H < 1 
for all x G X such that C*{{bx}x&F) ^ -Sj^^^p is finite-dimensional for all 
finite subsets F oi X. 

For each x £ X, there exists a countable subset 1^ of X with x £ Yx 
such that 6a; G -B[y^]2. Since |X| > Hi, we can apply Lemma 12.11 to get 
{x,y} G [X]'^ such that x ^ Yy and y ^ y^;. By Lemma [6.111 there exists 
ax, a'x, ay, a'y G Zb^^^2 {^{x,y}) such that bx = axVx^y+a'x and by = ayVy^x+a'y. 
Since \\ux — bx\\ < 1, we have 

II {{Ux - bx) - Wx,y{Ux - bx)Wx,y)/2\\ < 1. 

We have 

{bx - Wx^ybxWx^y) /2 = {{axVx,y + a'x) - {-axVx,y + a^))/2 = axVx,y, 

and similarly (ux — Wx,yUxWx,y)/2 = Ux. Hence we get \\ux — axVx,y II < 1- 
Thus ||tix^a;,j/ — flxll < 1- Since UxVx^y is a unitary, is an invertible element. 
Similarly, one can show that ay is also invertible. 

By the assumption, C*{{bx,by}) is finite-dimensional. Therefore {{bxby)^}^^Q 
is linearly dependent. Hence there exist N £ N and Aq, Ai, . . . , Aat G C with 
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Xn / such that ^,^=0 ^n{bxby)"' = 0. We can write 

N N 
n=0 n=0 veV 

where 



^ • {I5 ^x,y7 ^y,x: '^x,y'^y,x : '^y,x^x,yi '^x,y'^y,x'^x,y7 '^y,x'^x,y'^y,X} ■ ■ ■ i i'^x,y'^y,x} } 

and for each v £ V, fy £ ^^[x]^ ^'^{x,y}) ^ of products of Aq, Ai, . . . , Aat G 
C and ax,a'^,ay,a'y £ Z^^^ja (^{x,?/})- Since V C A^^yj is hnearly in- 
dependent, we get fv = for all w G F by Lemma 16.21 In particular, 
= AAr(a^ay)^ G Z^j^ja (^{i^.j/}) is 0. This cannot happen because 
Atv 7^ and both Ux and ay are invertible. Thus we get a contradiction. We 
are done. □ 

Remark 6.13. When \X\ = Nq, B^x]^ is a UHF algebra (in fact CAR 
algebra) by Glimm's theorem [111 Theorem 1.13]. When |X| = Hi, B^x]^ 
is a unital AM algebra by Proposition 16.101 and Theorem 11.31 (1). In this 
case one can show that i?[x]2 is not UHF in a similar (but much more 
complicated) way to the proof of Proposition 14.51 (2) (see [lOj). 

Remark 6.14. As we pointed out in Remark 14.21 the examples in Section [4] 
of unital AM algebras which are not UHF are obtained as crossed products 
of UHF algebras by the group Z/2Z. The examples in this section of unital 
LM algebras which are not AM are obtained as cocycle crossed products (see 
Remark 16. 9p . However we do not know the following. 



Problem 6.15. Find an example of a unital LM algebra which is not AM 
such that it is obtained as a crossed product of a unital AM (or UHF) algebra 
by a discrete group. 

Remark 6.16. We can solve the non-unital version of this problem using the 
examples in this section. In fact, by |15i Corollary 3.7] the tensor product 
i?[x]2 K is obtained as an (ordinary) crossed product of ^[x]2 ^ by 
the group Gx where K := K(^i'^(Gx)) is the non-unital AM algebra of all 
compact operators on the Hilbert space l'^{Gx)- Thus for every cardinal 
K > Hi, there exists an example of a non-unital LM algebra with character 
density k which is not AM such that it is obtained as a crossed product of 
a non-unital AM algebra by a discrete group. Note that -B[x]2 K \s not 
AM if i?[x]2 is not AM because every corner of an AM algebra is AM. 

The same comments can be applied to LF and AF instead of LM and 
AM. 

7. Representation density and character density 

The purpose of this section is to give an answer to the half of the question 
raised by Masamichi Takesaki when the second author gave a talk on this 
paper. We could not answer the other half (Problem 17. IQh . The proof uses 
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the construction (Proposition l7.12]) that was given by Bruce Blackadar when 
the first author gave a talk. Both authors would like to thank Masamichi 
Takesaki and Bruce Blackadar. 

For a Hilbert space H, we also denote by x{H) the smallest cardinality 
of a dense subset of H. Note that for an infinite-dimensional Hilbert space 
H and an infinite set X, we get x{H) = \X\ if and only if H is isomorphic 

to e{x). 

Definition 7.1. The representation density Xr(^) of a C*-algebra A is 
the smallest cardinal x{H) where H \s a, Hilbert space on which A can be 
faithfully represented. 

Note that both the representation density Xr and the character density x 
(Definition II. 2p are monotonic in the sense that if yl is a subalgebra of B 
then the density of B is not smaller than the density of A. 

Since these cardinal invariants of C*-algebras were apparently not consid- 
ered previously, the reader will hopefully excuse us for starting this section 
by listing a few trivial statements. 

Lemma 7.2. For every C*-algehra A we have that 
x(^) ^ sup {\X\ : X is a family of commuting projections in A^ 
XriA) > sup {\X\ : X is a family of nonzero orthogonal projections in A^. 

Proof. For the first part note that if p and q are distinct commuting projec- 
tions then \\p — q\\ = 1. The second part is obvious. □ 

Lemma 7.3. For every infinite- dimensional Hilbert space H we have 

x{BiH)) = \BiH)\ = 2^(^\ 

Proof. Let us choose an infinite set X with \X\ = x{H), and identify H 
with £'^{X). For a subset Y <Z X, let pY G B{H) be the projection onto the 
subspace I'^iY) C H. Then {pyjycx is a family of commuting projections 
of size 2l"^L Thus we have x{B{H)) > 2^-^^ by Lemma 17.21 For x,y G X, 
P{x}B{H)p^yy is one dimensional, and the map 

is injective. Hence we get x{B{H)) < \B{H)\ < |Cp^^l = 2l^l. We are 
done. □ 

If K = 22*"° with the product topology then C{K) ^ 02^0 is an 
abelian C*-algebra with character density 2^^^ and representation density 
No- The first claim follows by Lemma |2.20[ The second claim follows from 
the fact that K is, being a product of 2^° separable spaces, separable by the 
Hewitt-Marczewski-Pondiczery Theorem (see e.g., Corollary 2.3.16]). 
See also Corollary 17.71 Theorem 17.171 and Problem 17.191 

Lemma 7.4. For every C*-algebra A we have Xr(^) ^ x(^) ^ 2^''^^\ 
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Proof. Choose a subset X <^ A with \X\ = xi^)- For each x E X, there 
exists a cychc representation tt^ : ^ — )• B[Hx) with ||7r^(j;)|| = ||x|| (see [21 
Corollary II. 6. 4. 9]). Since Hx has a cyclic vector for tTx, we have x{Hx) ^ 
x(^)- Then the representation 

7r:= 07r,: A^s(0/f,) 

is faithful, and 

Hence Xr(^) ^ The second inequality x(^) ^ 2^'^^'^) follows from 

Lemma 17.31 □ 

Lemma 7.5. Let Xq 3 x ^ ^x ^ H be a map from a set Xq to a Hilhert 
space H such that \Xq\ > x{H)- Then for every e > 0, there exists Xi C Xq 
with \Xi\ > x{H) such that \\S,x — Cyll < ^ fof every x,y £ Xi. 

Proof. Choose a dense subset Y C H with |y| = x{H). For each x G Xq 
there exists T/(x) G y such that HCx — < s/2. Since |Xo| > x{H) = \Y\, 
there exists r/ G y such that the set Xi := {x G Xq : r]{x) = t]} C Xq satisfies 
> x{H)- Then for every x,y £ Xi, we get 

Ux-^y\\<Ux-r]\\ + Uy-7]\\<e. □ 

Proposition 7.6. For a family {Ax}xeX of nonabelian unital C*-algebras, 
the representation density of the tensor product A = (^xex least 
\X\. 

Proof. Assume the contrary and fix a faithful representation tt: ^ — t- B{H) 
for a Hilbert space H with \X\ > x{H). Note that this assumption implies 
that X is uncountable. For each x G X, fix and hx in the unit ball of Ax 
such that Oxbx 7^ bxCLx- Since vr is faithful, we can choose a vector S^x ^ H 
such that 

■n-{axbx - bxax)ix ^ 0. 

Since X is uncountable, there exist (5 > and a subset Xq C X with 
\Xq\ > x{H) such that for all x G Xq we have 

\\-K{axbx - bxax)ix\\ > S. 

Set e = 5/4 > 0. In this proof, we write a b if \\a — b\\ < e. Since 
|Xo| > x{H), we can apply Lemma 17.51 to {£,x}xeXo and e > to get 
Xi C Xq with \Xi\ > x{H) such that ^x ~e for every x,y G Xi. By 
applying Lemma [731 three more times to {iT{ax)Cx}xeXi and so on, we get 
X4 C Xi with IX4I > x{H) such that 

vr(aa;)^a. T^{ay)Cy, T^{bx)ix ~e '^{by)iy, 

T^{bxax)ix ~e T^{byay)iy 
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for every x,y £ X4. Since \Xi\ > x{H) > ^^0l we can take two distinct 
x,y £ X4. Then we have 

'^iaxbx)^x = T^{ax)T^{hx)ix ~e T^{ax)T^{hy)iy = 'JT{axby)^y T^{axhy)ix 

T^{Kax)ix ~e ■n-{byay)Cy = TT{by)iT{ay)Cy vr(5j^)7r(a^)^^. = 7r(5j,a^)^^ 
because G A and by £ Ay <^ A commute. Thus we get 

\\TT{axbx - bxax)Cx\\ < 4e = 5, 
which is a contradiction. This completes the proof. □ 
Corollary 7.7. If A is a UHF algebra then x{A) = Xr{A). □ 

With the possible exception of the algebras Axx defined in ^ each 
example of an AM, or even LM, algebra given so far has a UHF subalge- 
bra with the same character density. Since the algebras Ax,y are tensor 
products of separable algebras, Proposition 17.61 implies that for each AM or 
LM algebra A so far defined in this paper we have x{A) = XiiA). We are 
going to show that x{A) can be any cardinality between Xr(^) and 2^''^^^ 
for unital AM algebras A. 

Let X be an infinite set. As in Section^ let A^ be a C*-algebra generated 
by two self-adjoint unitaries Vx,Wx with VxWx = —WxVx for each x G X, and 
let Ax ■■= <S)xex'^^- By Lemma urn Ax = M2(C) for each x € X and 
hence Ax = <S>x ^2(C) is a UHF algebra. For each y C X, we set 

Ay ■=^AxCAx. 

We are going to use the GNS representation of Ax associated with the 
unique tracial state of Ax- For the reader's convenience we explain what 
it is. For each finite subset F <^ X, there exists a unique linear functional 
Tp- Ap ^ C satisfying the trace condition rpiab) = Tp{ba) ior a,b £ Ap and 
the normalized condition tf{1) = 1. If \F\ = n, then we have rp = 2~"Tr 
where Tr is the usual trace of ^i;' = M2"(C). It is easy to see that Tp is 
positive and faithful, that is, Tp{a*a) > for all a G Ap \ {0}. Let A^ := 
Ufcx ^-F ^ Ax where F runs all finite subsets of X. By the uniqueness of 
the tracial state Tp, we get Tp' \af= tf for two finite subsets F C F' C X . 
Thus we get a linear map r : A^ — )• C such that r Ia^ = Tp for every finite 
subset F C X. Although we do not need it, we would like to remark that r 
can be extended to the unique tracial state of Ax (cf. [5l Lemma 1.9.5]). We 
define an inner product on A^ by A^ x A^ 3 (a, 6) i-> T{ah*) G C. Then 
the completion Hx of with respect to the norm coming from the inner 
product defined as above becomes a Hilbert space. The embedding from 
to Hx is denoted by A^ 3 a ^ a £ Hx- The image of this embedding is 
dense in Hx - For each finite subset F C X and each a G , it is easy to see 
that the map b ^ ab extends to a bounded operator on Hx- Thus we get a *- 
homomorphism up: Ap — )■ B{Hx) such that iTp{a){b) = ab for a G Ap and 



28 ILIJAS FARAH AND TAKESHI KATSURA 

b G A^^. We have ttf' \ap= t^f for two finite subsets F C. F' C. X. Since 
the family {7r{-r}[A{3;}.]}a;ex mutually commutes, we get a representation 
vr: Ax — )■ B{Hx) such that vr \af= '^f for every finite subset FOX. This 
representation is called the GNS representation associated with r. Since 
7r(a)(a*) = aa* ^ for all F C X and all a G ^i;' \ {0}, vr is injective. In 
order to simplify the notation we identify Ax with the subalgebra 7r[^x] of 
B{Hx). 

Lemma 7.8. We have x{Hx) = 

Proof. Since the union of finite-dimensional subspaces {a G Hx \ a e Ap} 

for finite subsets F C X is dense in Hx- we have x{Hx) < l-'^l- For distinct 

x,y G X, wc have T[uxUy) = because 

T{UxUy) = T{Wx{WxUxUy)) = T{{WxUxUy)w.j:) 

= T{WxUx{WxUy)) = T{Wx{-WxUx)Uy) = -T{UxUy). 

Hence we get 

\\u^ - %||^ = t{{ux - Uy){ux - Uy)) = r(2 - 2uxUy) = 2 

for all x,y e X with x ^ y. This shows that x{Hx) > Thus we get 
x{Hx) = \X\. □ 

We can consider the power-set V{X) of a set X as an abelian group with 
respect to the symmetric difference. This group is naturally isomorphic 
to the direct product of X copies of Z/2Z. For g G 'P{X) consider an 
automorphism of Ax defined by 

Oig = ^AdVx- 

xeg 

Then a defines an action of P{X) on Ax. For each g G the automor- 

phism ag preserves the subalgebra Ap CI Ax and satisfies Tp o Ug = Tp for 
every finite subset F <Z X. Hence we get an element Ug G B{Hx) such that 
Ug(b) = agXb) for beAf. 

Lemma 7.9. The elements {ug}g£'P(x) — B{Hx) are self-adjoint unitaries 
satisfying UgOUg = ag{a) and UgU^ = Ugh for a G Ax C B{Hx) and g,h E 
V{X). 

Proof. Take g G V{X). Since ag preserves r, the element n* G B{Hx) sat- 
isfies u*g{h) = a~^{b) for b G A^. Hence Ug is a unitary. This is self-adjoint 

because a^^ = ag. The latter two equalities follow from the equations 
ag{aag{b)) = ag{a)b and ag{ah{b)) = agh{b) for b G Ax- □ 

Definition 7.10. For an infinite set X and a subgroup T C V{X) we define 

Bx,r ■-= C*{Ax U {ugjger) C B{Hx)- 



NONSEPARABLE UHF ALGEBRAS I: DIXMIER'S PROBLEM 



29 



Remark 7.11. One can show that Bx,r is isomorphic to the crossed product 
Ax Xa r. In particular Bx in Section |4] is isomorphic to Bx,r for T = 
{0,X}^Z/2Z. 

Proposition 7.12. The C*-algebra Bxr satisfies xiBxr) = \X\ + |r| and 
Xr{Bx,r) = \X\. 

Proof. We have xi^x) = \X\ by Lemma 12.201 On the other hand, we have 
xiC* {{ug} g^r)) > |r| by Lemma E2] because {{ug + l)/2}ggr is a family of 
commuting projections. Since Bx,r is generated by Ax and {ug}g^r, we get 

\X\ + \T\ = max{|X|, |r|} < x{Bx,r) < \X\ + |r| 

This shows xiBx,r) = l-'^l + |r|- Since Bx,r ^ B{Hx), we have Xr{Bx,r) < 
x{Hx) = \X\ by Lemma [7S1 We also have Xr{Bx,r) > Xr(^x) = l-'^l by 
Corollary 17. 7i Hence we get Xr{Bx,r) = \X\. □ 

Proposition 7.13. The unital C*-algehra Bx,r is AM if every finite subset 
of T is included in a subgroup generated by gi, g2, ■ ■ ■ , gn £ L which are 
infinite and mutually disjoint. 

Proof. Take mutually disjoint infinite elements gi, g2, ■ ■ ■ , dn S T. Take a 
finite subset F of X and choose Xi £ gi \ F for i = 1, 2, . . . , n. Let A be the 
set of all such data A = {{gi}f=i, F, {xi}^^^), and define 

Dx := C*({n,Jti ^AfU {w,,}ti) ^ Bx,r. 
By the assumption of F, the family {-Da}agA of subalgebras is directed and 
its union is dense in B^x]^- We are going to show Dx = M2m+n(C) for 
A = {{gi}f=i, F,{xi}'^^-^^) as above where m = \F\. This implies that B^xp 
is AM, and hence completes the proof. For i S {1,2,... ,n} define 

= n ^ 

xeFngi 

Since 

u[ is a self-adjoint unitary and commutes with the subalgebra Ap- It is 
easy to see that the family {u'^\^^^ mutually commutes. Since Xi £ gi \ F 
and gi is disjoint from gj for j ^ i, we have that Wx^ commutes with Ap 
and {u'j,Wxj}jjti. Finally Wx^ and u'- anti-commute because so do and 
Ug.. Therefore C* {u'^jWxJ is isomorphic to M2(C) for i £ {1,2,... ,n} by 
Lemma l4.ll and the family 

{C7*(n>.J}tiU{^i.} 

mutually commutes. Since Dx is generated by these mutually commuting 
subalgebras, we get 

n 

Dx= {(S)C*{<Wxj)0Ap^ (g) M2(C)^M2n+™(C), 

i=l n+\F\ 
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as required. □ 

Remark 7.14. For finite g G V{X), we have Ug = Ad ( Hxgg ^a;) ■ From 
this fact, one can show that Bx,r is not AM if F contains a finite nonempty 
element g (one can also show that Bx,t is always AF) . Thus in order for Bx,t 
to be AM it is necessary that every g E F\{0} is infinite. One can show that 
this is also sufficient although its proof becomes significantly complicated 
compared with Proposition 17.131 We shall not need such generality for 
proving Theorem 17. 17[ 

Remark 7.15. One can show that -Bx,r is not UHF when \X\ > Hi and 
F 7^ {0} in a similar way to the proof of Proposition 14.51 (2). We omit the 
proof because we do not need this (see the proof of Theorem 17.171 for some 
special cases). One can also show that ri^x) = CI holds when every 
g £ r\{0} is infinite (even in the case xi^x) < x{Bx,r))- This shows that a 
generalization of question (Gj Problem 8.3] for nonseparable AM algebras has 
a very strong negative answer (see Corollary 14. 6p . The authors would like 
to thank Bruce Blackadar for pointing out the phenomenon Zbx ri^x) = 
CI. This strong phenomenon does not occur for UHF algebras because we 
can show xi^si^)) = xi^) for a subalgebra ^4 of a UHF algebra B with 
x(^) < xiB), and hence in this case Zb{A) is huge. 

Lemma 7.16. For every cardinal k with \X\ < n < 2'"'^!, there exists a 
subgroup F C Vi^X) with |F| = k such that every finite subset o/F is included 
in a subgroup generated by gi, g2, ■ ■ ■ , gn £ ^ which are infinite and mutually 
disjoint. 

Proof. Take a subset Y C 'P{X) with \Y\ = k. Let Fq be the Boolean subal- 
gebra of 'P(X) generated by Y, that is the smallest subset ofV{X) containing 
Y and closed under taking unions, intersections and complements. Then Fq 
is a subgroup of ViX) with |Fo| = k. Choose a bijection l: X x N — >■ X and 
define an injective homomorphism 

if: V{X) 3 g^ i[gxn\(^ V{X). 

Let F := (/^[Fo] ^ V{X). Then every finite subset of F is included in a 
finite Boolean subalgebra of F. If g'l, (72, • • • ,5^ G F are the atoms of this 
subalgebra then they clearly satisfy the requirements. □ 

Theorem 7.17. For every pair of infinite cardinals k and v with k > Hi 
and V < K <'2y , there exists a unital AM algebra of character density k and 
representation density v which is not UHF. 

Proof. For k = 1/ > Hi, the example Bx in Proposition 14.51 for \X\ = k 
is a unital AM algebra of character density n and representation density v 
which is not UHF. Suppose v < n < 2^ . Take a set X with \X\ = v. By 
Lemma 17.161 there exists a subgroup F C 'P(X) with |F| = k satisfying 
the assumption of Proposition 17.131 Then -Bx,r is a unital AM algebra of 
character density k and representation density v by Proposition 17.121 and 
Proposition [7T3l This is not UHF by Corollary EH □ 
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From Theorem 17. 171 we have the fohowing. 

Corollary 7.18. There is a unital AM algebra faithfully represented on a 
separable Hilbert space that is not a UHF algebra. □ 

This corollary answers a half of the question raised by Masamichi Take- 
saki. The following is the other half which we could not answer. 

Problem 7.19. Is there an LM algebra faithfully represented on a separable 
Hilbert space which is not AM? 

Since = 2^'\ by Theorem O (1) there is no such a C*- 

algebra if we assume the continuum hypothesis 2^° = ^i. We do not know 
what happens if we do not assume the continuum hypothesis. 
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